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STABILITY OF A PLANE CRYSTALLIZATION FRONT MOVING AT
CONSTANT VELOCITY

L. G. Badratinova UDC 532.78:536.421.4

1. In an x, v, z coordinate system coupled to a plane unperturbed front (the x axis
ig directed into the melt and the y, z axes are along the interfacial surface), the crystal-
lization process of a dilute binary alloy is described by the equations

for  w> f{y. 2z B arjet vy T, - v, AT, _ (1.1)
dey 0l 4 vy-ye, v DAry. yevy = 0, :
OVUOL A (v vV vAy —y poog g g (— g 0, 0)
for &t flyozd) 0Ty 0t — Vo(07,dr) = 5,47, (1.2)

with local phase equilibrium conditions [1]

z=1fy, 2, t) Ty =7Ts=me + Ty+ TyyK, (1.3)

no tangential component of the melt velocity on the front, and continuity of the energy and
mass fluxes [2] of both melt components during passage through the interface x = f(y, z, t):
(v Ty — %y 790 = — g;A{v; — Uln,
vt =0, py(v; — Uln = py(ve — Un,

Doy Ven = (1 — k) ¢, ¢v, — Un.

(1.4)

Here v, p, and c¢; are the melt velocity, pressure, and impurity concentration (mea-
sured in weight fractioms), Tj (j = 1, 2) are the temperatures of the medium. The subscript
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1 characterizes the liquid phase and the subscript 2 the solid. The density of the medium
and the thermal diffusivities and conductivities are denoted by P3s Xg> %3 andD are the
kinematic viscosity and impurity diffusion coefficients, and V, = const is the crystal veloc-—
ity. The dependence of the crystallization temperature on the impurity concentration at the
front (m is the slope of the liquidus line)} as well as on the curvature K of the interfacial
surface is taken into account in condition (1.3); y is the surface tension coefficient, Te

is the melting point on the plane front in the absence of impurities, A is the latent heat

of crystallization, k is the equilibrium coefficient of impurity distribution, and n, 1, and U
are the normal and tangential vectors to the phase transition boundary and the displacement
velocity of this boundary.

It is assumed that the melt occupieé the whole half-space x > f(y, z, t), and a given
temperature 1s maintained in the solid medium at a certain fixed distance H from the unper-
turbed front, The following are appended to conditions (1.3) and (1.4):

for z = co €L 7= Cocy Tl == Too’ Vy = ("" Vl, 07 0)» (1 5)
for x = — I Ty = Tyll — exp(— VoH/yy)| - Ty + menlk,

where Vi = p2Va/p15 Tzo = (cyaTa + A)/eyz; Tio = To, — To — mCw/k; cyj are the specific heats

of the media for constant volume.

2. Problem (1.1)-(1.5) has a one-dimensional staticnary solution

Pe=0, vi=(—=V,0,0), ¢f=co+co(k™—1)exp(—V,2/D), (2.1)
P’ = — pigr+-const, Ij=Ts[1—exp(— Vi/yj)] + To+ mewlh.

For simplicity, the stability is investigated in the plane case. (All the results re-
main valid even for three-dimensional flow.) We linearize the system (1.1)-(1.5) in the
neighborhood of the solution (2.1) and we introduce the stream function ¥,(x, v, t), by set-
ting v, = (3y1/3y, — 3P,/9%x). We eliminate the pressure p and reduce the system to dimen-
sionless form by selecting the following units of measurement as independent: the length
x1/V:, the time ¥,/V?, the temperature A/Cyi, and the concentration cw/k. Let us separate
the time t and the variable y by setting :

{:’(y, ‘L)s (31(.'75, Y, ﬂ’ Tj(xv Y, t)v 1P1(-’57 s i)} = {iay iC(,Z’), le_,(.L), 1]}(.2,)} @){p(‘l/«l,‘ *:" I(ug/) (’/ 1, 2)

Consequently, we obtain a system of ordinary differential equations for the amplitudes of
the normal perturbations

for ax>0 (L-—yu)0,+ 0 = oG Yexp (— ),

(L— uDy) e -+ Dye’ = 0D, Gop exp (— Dyz), (2.2)
LHL —uPr)p L~ Pryp’] = 0:
for <0 (L- py,)0, - P*X*G;ZO; (2.3)
with the boundary conditions
for =04 =0, op == —cua,
0, + Gia = 0, -+ Gya = myle + G.a) — y,0%,
et (82— PuxsGot) — 01+ Gra == ppa,
Dl — kG -+ (1 —kye = upT (k— 1 o (2.4)
for w00 f =¢ =0, ¢ =4 =
for v = —h 0, = 0.

Here L = (d?/dx?),—w?, the prime denotes differentiation with respect to x, prs = /v
is the reciprocal Prandtl number, Dx = x:/D; Xy = X2/X2} %e = %/%; Px = 01/p2 & =
(pz = p1)/p1; the quantities Gc(k — 1)D4, Gy = ¢y, Tio/A and G2 = ¥x(1 + G,) are dimension-
less gradients of the impurity concentration and of the temperatures in the melt and in the
crystal, and h = HV,/x:; mo = mcch,/kA; Yo = YToCV1V1/X1A-
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For G; < O the temperature T¢ in the melt is below the temperature T, + me,/k on the
crystallization front. We shall allow the possibility of fluid supercooling (see [3, 4])
and consider the problem for G, »>~1. If G; = —1, then the gradient G, = 0 and the tem-
perature in the crystal is Tao = To + mcw/k.

If all the eigenvalues u of the problem (2.2)-(2.4) have a negative real part, then
solution (2.1) is stable. 1If at least one perturbation is in the spectrum for which Re u > 0,
then solution (2.1) is unstable relative to this perturbation.

3. Let Dx = 0 (G, = 0), px = 1 (thermal problem). In this case system (2.2}-(2.4) has
the nontrivial solution

p=e=0,0 = — (G, + y,0%a exp (— Iz) (a =+ 0),
8, = — (G; + yy0?) a exp (— y,2/2) ch [r (z - )] [sh (re)) ™,

which exists for all values of yu satisfying the dispersion relationship

B — (14 Gy) [reth (1) -+ 1u/2] — Gy (L— 1) — V0507 [ cth (h) — /2 + 2, 1], (3.1)
The quantity I is the root of the equation
Pol=o'—p=0, (3.2)

for which the condition of boundedness of the perturbations is satisfied as x » «, i.e.,
Re 7 > 0. TIf Q, denotes the function Qu(n, u) = milhd + o + ny, Re[Q,(n, w)] > 0, then
Z = 1/2 + Qw(ly U)s r = Qw(X)‘:’U)‘

It is shown in [5] that for every complex number N for which Re N > 0, the following
equality is valid

sgnflm (V)] = sga[Im (N?)] = sgn[Im (N cth V). (3.3)

Let us agree to use the notation Re N = N;, Im N = N, for every complex quantity N.
Using the same notation for u and 7, we can reduce (3.2) to two equivalents:

lf—lg—«li-o)‘-’.wlulzo, 21112_12_“2::0_ (3.4)
Applying (3.3) to the complex quantities 7 — 1/2, rh (I, > 1/2, r, > 0) we obtain

sagn [, = sgn {Im [({ — 1/2)1} == sgn w,, (3.5)
sgn {Im [r cth (rR)1} = sgn [Im (7)1 = sgn .. :

Furthermore, if u; > - w?, then the following holds

sgn (g — L) = sgn I, = sgn p,. (3.6)
Indeed, if 15 = 0, then us; = O by virtue of (3.5) and the validity of (3.6) is evident. For
1,5 0 it follows from (3.4) that (uz — 7Z2) = sgn [(Zy — 1)1.], while for u; > — w?® the quan-
tity is I, > 1.
Let us examine the case G, == 0. Using (3.5) and comparing signs of the imaginary parts
on the right and left sides of (3.1), we obtain the equality sgn uz; = —sgn U2, from which it

follows that all the solutions of (3.1) are real. If u = 0, then 7> 1, and the sign on the
right side of (3.1) is opposite to the sign on the left side. This means that each solution

of (3.1) is negative. -
Let — 1< G; < 0, uy = 0. Converting the imaginary part of (3.1) to

Ho— Ly = — (1 4G+ '\’0(’32“;—1) Im {reth (7A)] — (1 + Gy +940%) s

and using (3.5), (3.6) we obtain u, = 0.
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Assertion 1 is proved. For G, = 0 all the eigenvalues u governed by (3.1) are real and

negative, and for — 1 <{G; < 0 the imaginary part u, = 0 for every solution u for which Re-
u>=0. It hence follows that within the framework of the thermal problem the crystalliza-
tion front is stable for G, > 0, while for — 1<{ G; < 0 the instability can be associated

just with monotonic perturbations.
Setting 1 = 0 in (3.1), we obtain the critical dependence

oo ToCtR(rgh) +%x/2+ @75 [ Ot (rgh) — Xa/2 = Ral]

G, = Gf (o* = Fo OB (rk) - 7/2 T hy— 1 ’ (3.7

governing the stability boundary with respect to perturbations with wave number w. Here

Yo = VXalb + w:, 1o =1/2 + V14 + w=.

*

For yo = 0 the value is Gf(O) = —1., As w® grows, the function G, increases monoton-
ically, and for w® » « its value tends to — 1/2. This means that the crystallization front
is stable for yo = 0 if Gy > — 1/2 For G, = — 1/2 shortwave perturbations are most danger-
ous.

4, For Dx
a pure melt (c
form

0, py =1, we obtain a stability problem for the crystallization front of
0, 52 0). The dispersion equation for this problem can be reduced to the

PI‘M = — (1 + G)) [Rcth (Rh) + p.%4/2] — Yo%;lfﬂg [Rcth (RR) — puie/2 4 %40l — G (I — 1 + X)), (4.1)

where X = u(w + q +2) (w+ 1) (g +1)7%; q = 0.5 Pry’ + Qu(Prx, u) is the root of the
equation

g2 — (g — p) Pry — 0% = 0, (4.2)
and R = Qu(psaXx, Px M).
If the quantities q, 1(gi, Z; > 0) and u satisfy (3.2) and (4.2), then

sgn [Im (u)] = sgn [Im (W] = sgn [Im (ng)) = sgn [Im (ulg)] = sgn g, (4.3)

We present the proof of the equality

sgn [Im (uig)] = sgn . (6t
From (3.2) and (4.2) we obtain

T (ulg) = | 12 g5 + ©* Im (Ig) + | 12 Im (Ig),

-~ (4.5)
Pr, Im (ulg) = Pry | g 2L, -+ ©? Im(Ig) — | g |* Im (Ig).

If 1, = 0, then us = q» = 0 and (4.4) is satisfied. If 7,3 0, then sgn [Im (Iq ) = sgn

[22(q: — 2.92/12)]. 1In each of equalities (4.5) the sign of the first two components agrees

with the sign of ua. If for certain yu, Pry, w the inequality qu 2> 7.q2/7, is satisfied,

then [Im(Zq)] = sgn uz and the equality (4.4) follows from the first equation in (4.5), other-

wise it follows from the second equation.

By using (4.3) it can be proved that if the quantities q, I (qi, Z: > 0) and u satisfy
(3.2) and (4.2) then

sgn [Im (X)] = sgn u,. (4.6)

Moreover, if p; > 0, then Re X > 0.

The assertion 2 is valid. For G; =20, € > 0 all the elgenvalues u satisfying (4.1) are
real and negative, while for G, >>0, € < 0 each solution u has a negative real part. 1In
the case -1/2<CG; < 0, € > —1/2. Im p = 0 for all the eigenvalues for which Re u= 0,

For G; >»0, € > 0 the proof (taking (4.6) into account) is analogous to the proof of
assertion 1 for G; = 0.
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If Gy > 0, € < 0, then (4.1) has no solutions with nonnegative real part since for each
u with Re u == 0 the signs of the real parts of the right and left sides of this equation are
opposite. For the proof it is mecessary to set € = pg® — 1 in (4.1), use (3.2) to convert
the expression 7 — 1 — X to the form Yulw + Z{7?|q + 2|2 where

Y= (0 — Digfo 4+ (@ — DlgP + g+ 1 + QU—12PF +12g+ (I — 12 +1) T — 1)g +
+ ol — gl + Tig + IP] + @2llg + B + |g + 1121,

and show that the real part of each component in the expression Y is nonnegative for u, = 0.

Let — 1/2 $§G1 < 0. For — 1/2 < ¢ < 0 the imaginary part in (4.1) can be represented
in the form

(8 U2ty = — (= L)12— (61 + 12) Ly = 3oty — (L4 Gy + voe’0”) Im[Roth (RR) — 6,X, (4 )

and it can be shown by using (3.3), (3.6) and (4.6) that for each u with Re u = 0 the signs
in the left and right sides of (4.7) are opposite. 1In the case € > 0 for the proof of asser-
tion 2 it is necessary to convert the imaginary part of (4.1) to the form

o/2 = — (Uy — 15)/2 — (G -+ 1/2) [, — 0%, — (1--6, - '\’()"‘;1(’32) Im [R cth (RR)] — & (1t, — X,/2) — & (G -+ 1/2) X 2

and to show that sgn (u; — X2/2) = sgn us.

For u = 0 we obtain the critical dependence Gi(w?) from (4.1). This dependence is de-
termined by (3.7) if the Xx there is replaced by piXs. The crystallization front is stable
relative to monotonic perturbations if G, > max Gl (w?). If Yo = 0, then max G¥ (0?) = 6%
(@) = — 1/2 while according to assertion 2 for G, > — 1/2 the oscillatory instability is
impossible. Therefore, for yo = 0 the stability criterion agrees with the criterion for the
thermal problem.

5. In the case px = 1, Dx 550 the velocity field does not experience any perturbations
{¢ = 0), and we arrive at a thermodiffusion formulation of the problem. TFor px = 1 and h ~

o the solution of the spectral problem (2.2)-(2.4) reduces to the following equation for the
eigenvalues u:

=—G(-1)— ”;le (S~ Au) — Vo0* (“;13 + l) + mG, (”:ls +1) — myG.Z, (5.1)

where s = —x,/2 + Qw(x*, u) and T = —Dx/2 + Q (Dy, 1) are the roots of the equatioms
ST b s — 0F Ytz 0, T 4 Dyt — ©F — Dypt = 0; (5.2)
Z (3% 4 1) (u + kD) (v + kD)™ (5.3)

For a dilute binary alloy, m(k — 1) > 0 follows from the Van't-Hoff equation (see [1]).
Therefore meG. > 0. Let us eliminate negative values of G, from consideration. For G, =0
concentration supercooling [1, 6] characterized by the gradients G: < meGy can, however, hold

in the melt.
Let F(l) and F(z) denote the functions

Fy (0@, k, Dy, myG ) == moG, 1y (7o + kDY,

. , B ) B . (5.4)
Fiay (0%, Y Ry G} == [61 (ly—1) + =, IGa(So 7 3’:*)] (“*150 4 Iy) 1’

where To = — Dg/2 + VDi/4 + w23 So = — X%/2 + VXz/4 + w”.

By using (5.1), the stability condition can be found relative to the monotonic perturba-
tions. Using the notation (5.4), we write this condition in the form

< () (for all w): stability

Fay — Fay — Vo’ {> 0 (for all w): instability (5.5)
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If the quantities 7, 1, s and u (l:1, Ti, 81 > 0) satisfy (3.2) and (5.2), while Z is
defined by (5.3), the the following equality is valid

Sgn Zy = sg0 S, = SZN Up- (5.6)
Let vg = 0. We prove assertion 3. 1If

Ho <A, MGy << oy (1 — 3) ' (5.7)

or

%, > 1, mG, <1, (5.8)

then the stability boundary is determined by the value u = 0 (stability of the process is
determined by conditions (5.5)),

Let conditions (5.7) be satisfied. The assertion follows from the results of a sequen-

tial examination of certain cases: a) G, = mch, Gz =2 meG,. From (5.1) we find

o = — (G, — moG ) 1, — + (G, — () s, = Yow? (s, + L) — mit Z.. (5.9)
Taking account of (3.5) and (5.6), there hence follows that the eigenvalues p are real; b)
Gz > moGC;> Gi. We convert the imaginary part of (5.1) to the form

ty (1 Gy — myle) = — (MG, G ) (py — ) — ;1 (Gy = moG,) sy — Vow? (%;152 —+ L_,) — MG L. {(5.10)

Since Gz > moGe and %x << 1, then 1 + Gy — moG, > 0. Taking account of (3.6) and (5.6) the
realness of all the eigenvalues u for which u; > — w?® follows from (5.10); c) Gi < moGg, Gy <
meG.. In this case meGe > (G, + X%*G) (*z' + 1)7', and the instability as w = = follows
from (5.5); d) G; > meGg >> Ga2. These inequalities are incompatible if moG, < ¥ge{l— %077,

Upon compliance with conditions (5.8), it is necessary to reexamine cases '"b" and "d"
to prove the assertion. In case "b" it is necessary to transpose the expression m¢G.lo to
the left side in (5.9) and to note that (uz — moGalz) = sgn Mz, if u; 22 — 0? and moG. < 1.
Analogously, in the case "d" the realness of all the eigenvalues u can be proved if the term
moGC"f‘?Sz is transposed to the left side of (5.9).

The validity of the principle of the interchange of stability [7] for small values of
the gradient Gc corresponding to small values of the impurity concentration ¢y = Cw/k on the
unperturbed front, is proved in the assertion. As germanium solidifies, its thermal coeffi-~
cients x and * diminish. Typical for metals is the situation ®x < 1, x4 < 1. For the alloy
Pb—Sn k = 0.3, ¥4 = 0.54, conditions (5.6) are satisfied if the tin concentration is ce ¢
3.3+ 107%, while for gallium-doped germanium k = 0.1, %% = 1.6, and conditions {(5.8) are sat-
isfied for co & 1.4 107 °,

The problem of the stability of a plane crystallization front was examined in a thermo-
diffusion formulation in [1l], where it was assumed that

®® > max (1/2, 1./2). N
Taking account of (5.11), the authors of [1] neglected the convective terms in the heat-
conduction equations and, starting from the stationary equations for heat and impurity trans-—
port, obtained the stability criterion (yo = 0):

<< (0 — stability,

myG (]t + 1) — G, — 21
o c( C ) 1= %y G > — instability,

(5.12)

If the crystallization front is unstable according to the criterion (5.12), then its
instability as w - o follows from (5.5). Let us mention four cases in which the equivalence
of conditions (5.5) and (5.12) is shown successfully by investigating the behavior of the
functions F,; and F, (the stability from condition (5.5) follows from the stability by the
criterion (5.12)):
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D %=1 =% <L

2) 13<Cye<<l, Dy>1, k21

3 U3y <<t, V2<<hk<<tl, Dy>(2k— 1)1
4) D>, BDg»> 1

Characteristic for metals are the values Dy => 10* and the last condition can be consid-
ered satisfied for k »107%,

Let us note that criterion (5.12) can be obtained if the dispersion relation (5.1) is
replaced by the approximate equation

o= — Gllm - %;1023’”! '7" mch (%;lsm + lm) - mchZm (5. 13)

and the validity of the principle of interchange of the stability is taken. In (5.13) I =
Yoz + U, Sm =/w? + XU (mea sm: > 0) and Z; is obtained from Z by replacing s and I by sy
and Ip.

The following assertion is valid: TFor #,>1, ¥, > 1 and for ¥, < 1, x4 <1, G1 =62
each solution u of (5.13) is real, while for *x < 1, Gy < G, the stability boundary is de-
termined by the value u = 0.

Let py 551, Dix %= 0 (general case). If the parameter X, is replaced by piXx in the func-
tion F(2y, then the stability conditions relative to monotonic perturbations will be deter-
mined, as before, by using (5.5). The conditions for the equivalence of 1-4 remain valid if
the replacement of xx by paxx is made.

The problem of small perturbations (2.2)-(2.4) does not contain the acceleration of
gravity g. For absolutely incompressible media gravity does not influence the stability of
the crystallization front. The convective instability of the crystallization process was
studied in [8].

The author is grateful to V. V. Pukhnachev for constant attention to the research.
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